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A Closed-form Solution for the Torque
Transmission Capability of the
Adhesively Bonded Tubular Double

Lap Joint
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and Technology, Kusong-dong, Yusong-Ku, Taejon, Korea 305-701
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The adhesively bonded tubular double lap joint has better torque transmission capability and reliability in
bonding than the single lap joint.

In this paper, an analytic solution for the torque transmission capability and stress distribution of the
adhesively bonded tubular double lap joint was derived assuming linear properties of the adhesive.

From the analytic solution, it was found that the torque transmission capability of the double lap joint was
more than 40% larger than that of the single lap joint.

KEY WORDS adhesive joint; double lap joint; analytical solution; stress distribution; comparison with
single lap joint; effect of adhesive and adherend thickness; theory.

INTRODUCTION

Epoxy adhesives which are used to join mechanical elements are usually rubber
toughened, which endows such adhesives with nonlinear properties. The mechani-
cal elements joined by adhesives with nonlinear properties behave nonlinearly and
the exact solutions of their behaviors can not be easily obtained. The exact solutions
of the adhesively bonded joint were only possible with several assumptions such as
linear elastic behaviors of the adhesive and the adherend.

Many researches on adhesive joints were performed after Adams® obtained the
elastic solution of the adhesively bonded tubular single lap joint. The time-dependent
visco-elastic behavior of the adhesive was included in the investigation of the adhesive-
ly bonded joint by Alwar and Nagaraja.”? The torque transmission capabilities of
partially-tapered tubular scarf joints were investigated by Adams and Peppiatt.’

The behaviors of adhesively bonded joints whose adherends were made of compo-
site materials were investigated by several researchers®#-® and several types of adhesi-
vely bonded joints such as the double lap, the single lap, the scarf, and the stepped-lap
joint were analyzed by Hart-Smith.® The effect of the adhesive thickness and adherend
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roughness on the torsional fatigue strength of the adhesively bonded tubular single lap
joint was investigated by Lee et al.,” and the failure model for the adhesively bonded
tubular single lap joint was developed by Lee and Lee.®

Even though there are many such investigations on adhesively bonded joints, the
simple linear elastic solution developed by Adams' is used in the first stage of design of
the adhesively bonded joint because the dynamic or fatigue strength of the adhesively
bonded tubular single lap joint can not be easily predicted using the accurately
calculated static stress.

Even though the linear analytic solution for the adhesively bonded joint has the
defect that it underestimates the torque transmission capabilities, it is widely used
because it is simple and reveals the design parameters.

Therefore, in this paper, the shear stess distribution of the adhesively bonded tubular
double lap joint under a torque was derived assuming linear properties of the adhesive.
Also, the torque transmission capability of the adhesively bonded tubular double lap
joint was calculated and compared with that of the single lap joint.

STRESS AND TORQUE CALCULATIONS

Figure 1 shows the configuration of the adhesively bonded tubular double lap joint
and Figure 2 shows the deformation shapes and torque transmission variation of the
sections at axial distances z and z+Az.

In order to derive the analytic solution, two assumptions-that the adherends were
under only the shear stress z,,, and that the adhesive was under only the shear stress ,,-
were made. The shear moduli of the adherend and the adhesive were represented by G,
and G, respectively. The analytic solution derived with the previous assumptions can
be applied to the joint whose adherends are made of composite materials which have
orthotropic properties.

r

nctikn A section B
®

@ "h‘: I
™ |®
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o
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T ._Z_l. _QZ T
...... L._L___l_._ L L.._.. __L__LQ‘_ 2z

FIGURE 1 Configuration of the adhesively bonded tubular double lap joint (D represents the male
adherend, Q) and () represent the outer and inner layers of the female adherend, respectively).
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section A section B

FIGURE 2 Torques and shear strains on the cross-sections at z = z and z + Az of the adhesively bonded
tubular double lap joint of Fig. 1.

By the geometric compatibility of the joint in Figure 2, the following equations can
be derived.

(Va+ AN — VoM = 72:82 — y,,Az (1

(s + Ay, — v = — 7182 + 73,z (2)

where,
N =ry—"r
Hy =V — T3

ry; and r,; are the inner radii of adherends (D) and (), respectively, r,, and r,, are the
outer radii of adherends (D) and (3), respectively, y, is the shear strain of the outer
adhesive, y, is the shear strain of the inner adhesive, y,; and y,, are shear strains at the
inner surfaces of the adherends () and (2), respectively, and y,, and v,, are the shear
strains at the outer surfaces of the adherends () and (3), respectively.

Equations (1) and (2) can be simplified by taking the limit Az — 0, as follows.

4y,

ﬂlE=Yzi-Vla 3
dy

Wzd_zbz Y1t V3 4)

Assuming the adhesive thickness is very small, the equilibrium conditions of Figure 2
are expressed as follows.

T,+ AT, - T, =t,2na*Az (5)
T, + AT, — T, = t,2nb*Az (6)
T, + AT, — T, = — t2na*Az — 1,2nb*Az (N
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where,
Fio T 73
a=———=
2
bzrli+r30
2

and 7, and 7, are the shear stresses in the outer and inner adhesive, respectively, T, T,
and T, are the torques in the adherends (D), @ and (3), respectively. Taking the limit
Az -0, Equations (5), (6) and (7) become as follows

T,

E = 27ra2‘ca (8)
dT.
_d; =2nb?1, 9
dT,
—1= _2na*t, — 2nb?1, (10)
dz

Torques T,, T, and T, should satisfy the following equation.

722 + T30) 3

J
T=TI+T2+T3=T;" 1+ (11)

1o Tai T30

where J,, J, and J, are the polar moments of inertia of adherends (D, @ and (),
respectively, r,, is the outer radius of the adherend (D), r,; is the inner radius of the
adherend (Q), 5, is the outer radius of the adherend (3), and 1, ,, 7,; and 1,, are the shear

stresses of adherends at r =r,, ¥ =r,; and r =r,,, respectively.
Substituting Equation (3) and 7,= G,y, into Equation (8) yields the following

relationship.

d>T, dr
Mz =2na’n,

dz

dy
=2na*n, G,
na r’l adz

= 2na2Ga(y2,. —710) (12)

omatc (T2 T

™ a<G2 G,

Substituting the relationship d2T,/dz? = d?/dz*(t,,J,/r,;) into Equation (12) yields
the following equation.

d?t,; Lryfty =
'=2ma%G, — 2|2 -2 13
dz* i “nds <Gz G, 1

When the outer and the inner adhesives are made of the same material (G, = G,),
substituting Equation (4) and 7,=G,y, into Equation (8) yields the following
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relationship.
az’T, dr
P d223 = 271'b27]2 d_Zb
d
= 2nbn,G, (14)
z

Substituting the relationship d?T,/dz? = d?/dz*(z,,J3/r5,) into Equation (14) yields
the following equation.
d?t, 1ry, (7, 7
0= - 2nb?G,—22 L% 15
T, ( ()
Since the relationship T= T, + T, + T, holds throughout the joint length, and T, = 0 at
z = [, the relationship of torques at z = | becomes:

Tyad, i T30 3

T=Ty+ Ty= (16)

2i 30
From Equation (11) and (16), the shear stress 7,, at r =r,, becomes:

T, ERATY Tdy 13,5 (17)
Jy Fai U

4 o

Substituting Equation (17) into (13) yields the following equation.
dsz._z 26, Aryl 1 1y T_TziJz_Taon
dz? '71-] G, GJ, Fai T30
r r lr, r
=2na’G —( 2 o Lo ): \—2ma*G,— 2 e (18)
1 \J2G, ? nJ2GyJ,
1 T2i "o J3
— T30
111J G J,rs,

when r =r,, the shear stress 7,; can be derived by the same method used in deriving

Equation (17) as follows:
J J
= "11<T_ Tail2 T3 3) (19)
Jl Fa; T30

Substituting Equation (19) into Equation (15) yields the following equation.

d2130: — 27h%G, 1 "30|: i <T_T21J2_T30J3>_ﬁj|

+ 2na*G

dz? G,J, ra i G,
1 ry r 1 r,, r

=2b*G, — | —+ 22 —2b*G,— 22T 20

T a 2<J161+J3G o o8 WzGJ J3 20

Lry, ra Jaty

+ 2nb%*G,—
N,J3GJ, 1y
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Equations (18) and (20) can be simplified as follows:

d?r,,
dezlzo‘lfzi'*'“z + 2373, (21)
d*1,,
= MaTa, + s+ ATy (22)

where,

1 .
o, =2naZG,,——<—rL+ "o )

m \J,G, J,G,
o, = — 2"‘126.:"—113—2;%
%= 26, nll N rJ;
oy = 2nb2Gan—12<J:1(31 Jr;ég)
og = —2nbzGani26:l.}'_l’:]_3:
ag = 2nb? Lfﬁ“_" ri Ja

“nyJy Gy

From Equation (21), 75, can be expressed as

1 (d*1,,
Tsoza_s(dzzz _aITZi_a2> (23)

Substituting Equation (23) into Equation (22) yields the following fourth-order ordi-
nary differential equation.

d*ty; d?ty;
dz42 —ltay) dz22

+ (g0ory — 00306) To; + (0204 — 0l3%5) =0 (24)

Equation (24) can be simplified using three parameters f,, 8, and $, as follows:

d*ty d’ty
dz* dz?

+ B, +Byt3i+ B3=0 (25)

where,
By=—(o; +ap)
Ba =0, — 0306

By = a0, —azas
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The solution of Equation (25) is expressed as

B

1,; = A-sinh(4,2) 4+ B-sinh(4,z) + C-cosh(4,z) + D cosh(4,z) — ;
2

(26)

where

11’12:\/11311:\/ pi—48,

2

and, 4, B, C and D are constants which can be determined by boundary conditions.
The boundary conditions of Equation (26) are

Atz=0, 7,,=0 and 1,,=0 (27)
Therefore, Equation (21) at z = 0 becomes
d*t,,
dZT'_zZI =0Ty 0y ATy = & (28)
Since at
r,. T ra, T
=1, 1,,=—2— and =2 29
=L twmgy A e T (29)
Equation (21) at z =/ becomes
d?t,,
A2 =0Tyt 0y + ATy,
ry,T rs, T
= 30
My, TRt e (30)

Substituting Equations (27) and (28) into Equation (26) yields the following equations.

12,-=C+D—%=0 (31)
2

d*t,.

d;z =12C+iiD=aq, (32)

Substituting Equations (29) and (30) into Equation (26) yields the following equations.
Bs

1,; = A-sinh(4,]) + B-sinh(4,]) + C-cosh(4,!) + D-cosh(4,!) - 7. (33)
_ ry;, T
J,+J,
dd:r;‘ = A42-sinh(4,l) + BA2-sinh(4,) + CA?-cosh(4,]) + DA% - cosh(4,l)
N U Tl LY (34)

2 Jo+J,
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The integrating constants can be calculated from Equations (31), (32), (33) and (34) as
follows:

_ 1 zﬂs 0‘1"2:"‘“3"30_'15’21'
A= (A2 — 22) sinh(4,]) [l 2p T Jy+J, T
- C(A3 - if)cosh(ill)] (35-a)
1 B Uy Fy; + Agly, — ASry;
B= 12 3 17 2i 3" 30 17 2i
(A3 — 22) sinh(4 l)[ g, %2 J,+J, T
—D(2— i%)cosh(lzl)] (35-b)
B -,
C= v —r 7 (35-¢)
lfﬂB
_ b
D=y (35-d)

Substituting Equation (26) and the relationship T, = 1,,J,/r,; into Equation (8), the
shear stress 7, at the outer adhesive can be calculated from the following

T,= 2na [Ai cosh(4,z) + B/, cosh(4,z) + CA, sinh(4,z) + DA, sinh(1,2)] (36)

Substituting Equation (26) into Equation (23), the shear stress t,, of the adherend (3) at
r=r,, can be calculated as follows:

1
Ty, = = {A(A3 — ) sinh(4,z) + B(A3 — a,)sinh(4,z)

+ C(A2 — a) cosh(A,z) + D(A3 — o) cosh(4,z) — o, } 37

Substituting Equation (36) and the relationship T, = 14,/ ,/r5, into Equation (9) yields
the following shear stress distribution in the inner adhesive.

T, = 27 {A(A3 + ;) 4, cosh(4,z) + B(A3 + a,) 4, cosh(4,2)
2nb*r, 04

+ C(A2 + o) A, sinh(A,2) + D(22 + o) 4, sinh(2,2) } (38)



13:19 22 January 2011

Downl oaded At:

ADHESIVELY BONDED TUBULAR LAP JOINT 279

The shear stress in adherend (1) can be calculated by substituting Equations (34) and

(38) into Equation (11) as follows:

T T Ty 1303
TID—T -
1 Fai

i r3

o

Jy

Fai T3,

_B<£+£—i§—al

Fai T3, O3

_CGLFEEZE

Fai Tz, %3

Fai T3 3

[

_D<£+£—A§ %

and outer adhesives were all found.

NUMERICAL EXAMPLES

)

Jy  Jy A -
:Qg{T_A<_2_+_3u_l>sinh(ilz)

%3

>sinh(}tzz)

>cosh(ilz)

(39

raiBy 3%

up to now, shear stresses in adherends (1), @) and (3) as well as shear stresses in the inner

>cosh(izz) + =

h&+£&}

The shear stress distributions in the adhesives of the adhesively bonded tubular single
lap and double lap joints under torsional loadings were calculated, in order to compare
the torque transmission capabilities of the joints. Dimensions of the joints used in the
numerical example are shown in Table I and the symbols in Table I are depicted in
Figure 1. Dimensions of the single lap joint were selected to be the same as those of the

TABLE |
Simulation conditions of the torque transmission capabilities of adhesively bonded tubular single and double
lap joints
Single lap joint Double lap joint Note
ry,(mm) 30.0 30.0 t,s=3.0mm
r;(mm) 27.0 27.0
ry,(mm) Not applicable 33.1/340 t,s@®=30mm
ry;(mm) Not applicable 30.1/34.0
F3,(mm) 26.9/26.0 26.9/26.0 1.3 =3.0mm
ryi(mm) 23.9/23.0 23.9/23.0
n(mm) 0.1/1.0 0.1/1.0 two different
adhesive thicknesses
[(mm) 40.0 40.0
Shear modulus 76.9 76.9 Steel
of the adherend (GPa)
Shear modulus of the 0.461 0.461 IPCO 9923
adhesive (GPa) Epoxy adhesive
Shear strength of the 30.0 30.0

adhesive (MPa)

t,, = thickness of the adherend
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doublelap joint except that the outer layer Q) of the female adherend was removed from
the double lap joint of Figure 1. Figure 3 shows the configuration of the single lap joint.
The analytical solution of the single lap joint by Adams' is summarized in the
Appendix of this paper.

Although there are many parameters for the design of adhesively bonded tubu-
lar double lap joints, such as ry, ry;, 15, 735 P30 '3 Gy Gy, G5, Gy and I, in this paper
the stress distributions of the single lap and double lap joints were calculated under the
same torque, fixing these parameters with the typical design values.

Figure 4 shows the shear stress distributions in the adhesives in joints when the
applied torque was 1,000 N - m. From Figure 4, it was found that the magnitude of the
shear stress of the double lap joint was less than that of the single lap joint, and both
the single lap and double lap joints with 1.0 mm adhesive thickness (Fig. 4b) had lower
stress concentration than joints with 0.1 mm adhesive thickness (Fig. 4a).

Table II shows the torque transmission capabilities of the joints when the adhesive
shear strength was 30 MPa. In Table I1, the torque transmission capabilities of double
lap joints with 0.1 and 1.0mm adhesive thicknesses were improved 46 and 61%,
respectively, compared with those of the single lap joints.

An efficiently designed adhesively bonded tubular double lap joint should have a low
level of the shear stress distribution, and the magnitudes of the shear stresses in the
inner and outer adhesive layers should be same, which can be accomplished by
adjusting the thicknesses of the inner and outer layers of the female adherends. To this
end, the thicknesses of the inner and outer layers of the female adherend of the double
lap joint were varied from 0.5 to 4.0 mm with other dimensions and material properties
fixed as shown in Table II1. The thickness of the male adherend was fixed at 3.0 mm.

Figure 5 shows the distributions of the torque transmission capabilties of the double
lap joints with respect to the thicknesses of the inner and outer layers of the female
adherends when the adhesive shear strength was 30 MPa, and the thickness of the male
adherend was 3.0mm. Table IV shows the conditions for the maximum torque

nﬂ
i1 Teo

z%_______t__ 1 4_<_

FIGURE 3 Configuration of the adhesively bonded tubular single lap joint ((D represents the outer
adherend, Q) represents the inner adherend).
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FIGURE4 Shear stress distributions in the adhesive layers when the applied torque was 1000 N-m
(a) 0.t mm adhesive thickness (b) 1.0 mm adhesive thickness.

transmission capabilities. From Figure 4, it was found that there was only one
condition for the maximum torque transmission capability for each adhesive thickness,
in which the relationship J, = J, + J is satisfied approximately. This relationship is
similar to that of the adhesively bonded tubular double lap joint which has the
maximum torque transmission capability when the magnitudes of polar moments of
inertia of the two adherends are the same.
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TABLEII

Calculated torque transmission capabilities of adhesively bonded tubular single and double lap joints when

the adhesive shear strength was 30 MPa

Single lap joint Double lap joint Note
0.1 mm adhesive thickness 1,162 Nm 1,702 Nm 46% improved
1.0mm adhesive thickness 3,080 Nm 4967 Nm 61% improved
TABLE 111

Simulation conditions of the effect of the adherend thickness on
the torque transmission capabilities

tug Of D, 3 =05~ 4.0mm

0.1 mm adhesive 1.0mm adhesive
thickness thickness

ry(mm) 30.0 30.0
ry,(mm) 27.0 27.0
r(mm) 301 +t,Q 310+,
ro;(mm) 30.1 31.0
r4,(mm) 269 26.0
ry(mm) 269 ~ 1,3 260 —1,,3
n(mm) 0.1
l(mm) 40.0
Shear modulus 76.9

of the adherend

(Gpa)
Shear modulus 0461

of the adhesive

(GPa)
Shear strength of the 30.0

adhesive (MPa)

t,q = thickness of the adherend

TABLE IV
Parameter values of the adhesively bonded tubular double lap
joint for the maximum torque transmission capability

0.1 mm adhesive 1.0mm adhesive
thickness thickness
Thickness of the 3.00 3.00
adherend (H(mm)
Thickness of the 1.24 1.32
adherend Q)(mm)
Thickness of the 1.90 2.10
adherend @)(mm)
J (107" m*) 4.376 4.376
J,(107 " m*) 2.260 2.633
J3(107 " m*%) 2.089 2.530

Torque (N-m) 2,149 6,375
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FIGURE 5 Distributions of the torque tranmission capabilities w.r.t. the thicknesses of the adherends @
and (3) when the adhesive shear strength was 30 MPa (a) 0.1 mm adhesive thickness (b) 1.0 mm adhesive
thickness.

CONCLUSION

In this work, closed-form solutions for the stress distribution and torque transmission
capability of the adhesively bonded tubular double lap joint were derived and
compared with those of the single lap joint.
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From the solution, it was found that the torque transmission capabilities of the

double lap joint whose outer diameter was 68 mm were improved 46% and 61%

c
1

ompared with those of the single lap joint when adhesive thicknesses were 0.1 and
O mm, respectively. Also, it was found that the adherend thickness for the maximum

torque transmission capability was unique, such that the polar moments of inertia of
the male and female adherends had the relationship J, = J, + J,.
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APPENDIX

The analytic solutions for the shear stress distribution in the adhesive of the adhesively
bonded tubular single lap joint given by Adams' are summarized as follows.

_ I [{1 — ¢ 1 ~cosh(al)) }cosh(ocz) -y sinh(az):|

Y= o sinh(al)
where
Tty
2
5o 2na’*r,,G,
G,J 1
W= G Jry,
B G Jiry+ GoJory;
o
o= |-

v



